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Abstract





−∆H(aiui) |η|γi+1H |ui+1|pi+1 , η ∈HN, t ∈ ]0,+∞[, 1 i m,
um+1 = u1,
where ∆H is the Laplacian on the (2N + 1)-dimensional Heisenberg group HN , |η|H is the distance
from η in H to the origin, m  2, k  1, pm+1 = p1, γm+1 = γ1, and ai ∈ L∞(HN × ]0,+∞[),
1 i m. These nonexistence results hold for Q≡ 2N+2 less than critical exponents which depend
on k, pi and γi , 1  i  m. For k = 1 and 2 we retrieve the results, obtained by El Hamidi and
Kirane (Manuscripta Math., submitted), corresponding, respectively, to the parabolic and hyperbolic






where p > 1, γ are real parameters, and a ∈ L∞(HN×]0,+∞[).
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In this section, we quote some background facts concerning the Heisenberg group [2,4,
6,8,14]. Let η = (x, y, τ )= (x1, x2, . . . , xN, y1, y2, . . . , yN, τ ) ∈ R2N+1 with N  1. The
Heisenberg group HN , whose points will be denoted by η = (x, y, τ ) is the set R2N+1
endowed with the group operation ◦ defined by
η ◦ η˜= (x + x˜, y + y˜, τ + τ˜ + 2(〈x, y˜〉 − 〈x˜, y〉)), (1)
where 〈·, ·〉 is the usual inner product in RN . The Laplacian ∆H overHN is obtained, from





X2i + Y 2i
)
. (2)
















+ 4(x2i + y2i ) ∂2∂τ 2
)
. (3)
A natural group of dilatations on HN is given by
δλ(η)= (λx,λy,λ2τ ), λ > 0,
whose Jacobian determinant is λQ, where
Q= 2N + 2
is the homogeneous dimension of HN .
The operator ∆H is a degenerate elliptic operator. It is invariant with respect to the left
translation of HN and homogeneous w.r.t. the dilatations δλ. More precisely, we have
∀(η, η˜) ∈HN ×HN, ∆H
(
u(η ◦ η˜))= (∆Hu)(η ◦ η˜)
and
∆H(u ◦ δλ)= λ2(∆Hu) ◦ δλ.










In their paper, Pohozaev and Véron [16] gave another proof of a result of Birindelli et
al. [2] concerning the nonexistence of weak solutions of the differential inequality
∆H(au)+ |η|γH|u|p  0 in HN
for γ >−2, 1 < p (Q+ γ )/(Q− 2), and a ∈ L∞(HN). Then they studied the problem
of nonexistence of weak solutions to the system{
∆H(a1u)+ |η|γ1H |v|p1  0,
∆H(a2v)+ |η|γ2|u|p2  0H
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Recently, El Hamidi and Kirane [4] improved this result and gave the Fujita’s exponent




(γ1 + 2)+p1(γ2 + 2)
p1p2 − 1 ,






(γ1 + 2)+ p1(γ2 + 2)
p1p2 − 1 ,











They then studied systems of m hypoelliptic, parabolic and hyperbolic semilinear inequal-
ities.
In this paper, we generalize the results obtained in [4] to higher-order evolution
systems of m semilinear inequalities. We retrieve the critical exponent corresponding to
the hypoelliptic case by setting formally k =+∞.
For the convenience of the reader, we start with the case m= 2.
2. Higher-order evolution systems of two semilinear inequalities










with the initial data{





(η,0)= v(i)(η) in R2N+1, i ∈ {1,2, . . . , k − 1}.









Definition 1. Let a1 and a2 be two bounded measurable functions in R2N+1,1+ . A weak
solution (u, v) of system (S2k) with initial data (u(i), v(i)) ∈ L1loc(R2N+1)× L1loc(R2N+1),
i ∈ {0,1, . . . , k − 1}, is a pair of locally integrable functions (u, v) such that{
u ∈ Lp2loc(R2N+1,1+ , |η|γ2H dη dt),
v ∈ Lp1loc(R2N+1,1+ , |η|γ1H dη dt),
satisfying
























































(η,0) dη 0 (6)
for any nonnegative test function ϕ ∈C2,kc (R2N+1,1+ ).
Let the test function be
ϕR(η, t)=Φλ
(




where λ 1, R > 0, and Φ ∈D([0,+∞[) is the “standard cut-off function”
0Φ(r) 1, Φ(r)=
{
1 if 0 r  1,
0 if r  2. (8)
Note that supp(ϕR) is a subset of
ΩR =
{
(x, y, τ, t) ∈HN × [0,+∞[, 0 t2k + τ 2 + |x|4 + |y|4  2R4},
while supp(∆HϕR) and supp(∂kϕR/∂tk) are subsets of
CR =
{




(η,0)= 0, i ∈ {1,2, . . . , k − 1}.
Moreover, let
ρ = t













× ((|x|6 + |y|6)+ τ 2(|x|2 + |y|2)+ 2τ 〈x, y〉(|x|2 − |y|2))





((|x|6 + |y|6)+ τ 2
4
(|x|2 + |y|2)+ 2τ 〈x, y〉(|x|2 − |y|2)).





Furthermore, there is a constant C2 > 0, independent of R, such that∣∣∣∣∂kϕR(η, t)∂tk
∣∣∣∣ C2R2 .
Then we have the following nonexistence result:













p1p2 − 1 max
{
(γ1 + 2)+p1(γ2 + 2),p2(γ1 + 2)+ (γ2 + 2)
}
then there is no weak nontrivial solution (u, v) of system (S2k).
Proof. The proof is by contradiction. Let (u, v) be a nontrivial weak solution of (S2k).
Using the Hölder inequality, relation (6) gives∫




































































I (R)= ∫ |η|γ2
H
|u|p2ϕR dη dt,








∣∣p′i (ϕR|η|γ1H )1−p′i dη dt, i ∈ {1,2},
then we have the following system of inequalities:{











where C is a positive constant independent of R.
Note that if λ is selected sufficiently large then the integrals Api,γi (R) and Bpi,γi (R),
i ∈ {1,2}, are convergent. Indeed, the exponent of ϕR in the integrands of Api ,γi (R) and
Bpi,γi (R) is positive if λ is selected large enough.
Moreover, system (12) implies that neither u nor v is trivial. Indeed, if v is trivial
then J (R) = 0 and we have I (R) + a(R)  0. Since a(R) is uniformly bounded
w.r.t. R, it follows that I (R) is also uniformly bounded w.r.t. R. Using the fact that
I (R) is increasing in R, the monotone convergence theorem shows that the function




I (R)+ a(R))= ∫ |η|γ2
H
|u|p2 dη dt +
∫
v(k−1)(η) dη 0,
and the function u is then trivial, which is impossible.




there exists R2  R1 such that −εI (R1) a(R) for any R  R2. Moreover, the function
I (R) is nonnegative and increasing of R, then for any R R2, the inequalities
I (R)+ a(R) I (R)− εI (R1) (1− ε)I (R)
hold true. The same arguments imply that there is R3  R2 such that J (R) + b(R) 
(1− ε)J (R) for any R R3. Finally, system (12) gives{











for any R R3. Then, there is a constant C > 0, independent of R, such that
 I (R)







J (R)1−1/(p1p2)  C[A1/p′1 +B1/p′1 ]1/p2[A1/p′2 +B1/p′2 ].
(14)p1,γ1 p1,γ1 p2,γ2 p2,γ2








Using the fact that suppϕR ⊂ΩR , we conclude that{
Api ,γi (R)CR2N+2+2/k−2p
′
i+γi (1−p′i), i ∈ {1,2},
Bpi,γi (R) CR2N+2+2/k−2p
′
i+γi (1−p′i ), i ∈ {1,2},
which is equivalent to{
Api ,γi (R)CRQ+2/k−2p
′
i+γi(1−p′i ), i ∈ {1,2},
Bpi,γi (R) CRQ+2/k−2p
′
i+γi(1−p′i ), i ∈ {1,2}.
Consequently, the estimates














































Finally, the exponents σI or σJ are less than zero if and only if
QQ∗k = 2+
1
p1p2 − 1 max
{









p1p2 − 1 max
{
(γ1 + 2)+p1(γ2 + 2),p2(γ1 + 2)+ (γ2 + 2)
}
.
In this case, the integrals I (R) and J (R), which are increasing in R, are bounded uniformly
w.r.t. R. Using the monotone convergence theorem, we deduce that
(u, v) ∈ Lp2(R2N+1,1+ , |η|γ2H dη dt)×Lp1(R2N+1,1+ , |η|γ1H dη dt).
Note that instead of (12) we have more precisely{
























where CR is defined in (9). Finally, using the dominated convergence theorem, we obtain
lim





I (R)+ a(R))= ∫ |η|γ2
H







J (R)+ b(R))= ∫ |η|γ1
H
|v|p1 dη dt +
∫
u(k−1)(η) dη= 0,
which implies that u≡ v ≡ 0. This completes the proof. ✷























Then there is no weak nontrivial solution (u, v) of system (S2k).














(γ1 + 2)+ p1(γ2 + 2)
p2(γ1 + 2)+ (γ2 + 2)
)
. ✷
Remark 1. To determine the critical exponentQ∗e corresponding to the hypoelliptic system{
−∆H(a1u) |η|γ1H |v|p1,
−∆H(a2v) |η|γ2H |u|p2,
it suffices to tend formally k to infinity in the exponent Q∗k and obtain
Q∗e = 2+max{X1,X2}.
Now, we are able to treat the case of systems of m semilinear inequalities.
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Let (X1,X2, . . . ,Xm) be the solution of the linear system

−1 p1 0 . . . 0





. . . 0
0 0
. . .
. . . pm−1




























−∆H(aiui) |η|γi+1H |ui+1|pi+1 ,
η ∈R2N+1, t ∈ ]0,+∞[, 1 i m,
um+1 = u1,





i , . . . , u
(k−1)
i
) ∈ [L1loc(R2N+1)]k, 1 i m.
Definition 2. Let ai , i ∈ {1,2, . . . ,m}, be m bounded measurable functions on R2N+1,1+ .
A weak solution (u1, . . . , um) of system (Smk ) on R2N+1,1+ is a vector of locally integrable





+ , |η|γiH dη dt
)



























































(η,0) dη 0 (20)
for any nonnegative test function ϕ ∈C2,kc (R2N+1,1+ ).




i (η) dη 0, 1 i m.
Then, Q 2(1− 1/k)+max{X1,X2, . . . ,Xm} implies that system (Smk ) has no nontrivial
solution.
Proof. In order to simplify the proof, we treat only the case m = 3, the general case can
be established in the same manner.
Let (u1, u2, u3) be a nontrivial weak solution of (Smk ). Inequalities (19) and (20), with
ϕ = ϕR defined by (7), imply that
∫
























































































|ui |pi ϕR dη dt, 1 i  3,
Ai (R)=
∫ |∆HϕR|p′i (ϕR|η|γiH)1−p′i , 1 i  3,
B (R)= ∫ ∣∣ ∂kϕR ∣∣p′i (ϕ |η|γi )1−p′i dη dt, 1 i  3.i ∂tk R H
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













































































































Now, we require that, at least, one of σi , 1 i  3, is less than zero, which is equivalent to















Following the arguments used in the proof of Theorem 1, we conclude that (u1, u2, u3)≡
(0,0,0). This ends the proof by contradiction. ✷
Remark 2. To determine the critical exponentQ∗e corresponding to the hypoelliptic system
(Smk )
{−∆(aiui) |η|γi+1H |ui+1|pi+1, η ∈R2N+1, 1 i m,
um+1 = u1,
it suffices to tend formally k to infinity in the exponent Q∗k and obtain
Q∗e = 2+max{X1,X2, . . . ,Xm}.
In the following section, we show that the result of Theorem 2 is also valid for m= 1.
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Let us consider the higher-order inequality (Ik) with the initial data{
u(η,0)= u(0)(η) in R2N+1,
∂iu
∂t i
(η,0)= u(i)(η) in R2N+1, i ∈ {1,2, . . . , k − 1}.
Definition 3. Let a be bounded measurable functions in R2N+1,1+ . A weak solution u
of inequality (Ik) with initial data u(i) ∈ L1loc(R2N+1), i ∈ {0,1, . . . , k − 1}, is a locally




































(η,0) dη 0 (22)
for any nonnegative test function ϕ ∈C2,kc (R2N+1,1+ ).






+ γ + 2
p− 1 ,
then there is no weak nontrivial solution u of system (Ik).
Proof. Let u be a nontrivial weak solution of (Ik). Using the Hölder inequality, Eq. (22)
gives ∫
























































Following the same method described in the last proof, we obtain
I (R) C
(A˜p,γ (R)1/p′ + B˜p,γ (R)1/p′)I (R)1/p, (23)
where C is a positive constant independent of R. Using the same scaled variables as before,
we have the estimate


















+ γ + 2
p− 1 . (24)
In this case, the integral I (R), increasing in R, is bounded uniformly w.r.t. R. The mono-
tone convergence theorem implies that |η|γ
H
|u|p belongs to L1(R2N+1,1+ ). Note that instead





























|u|p dη dt = 0,
which implies that u≡ 0. This contradicts the fact that u is a nontrivial weak solution of
(Ik), which achieves the proof. ✷
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−∆H(au) |η|γH|u|p,
it suffices to tend formally k to infinity and obtain 2+ (γ + 2)/(p− 1).
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